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1.(15%) Prove or disprove the convergence of following integrals:        
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2. (a) (9%) Find the Taylor expansion at 0x =  for the function ( ) 1sinf x −= x . What is its radius of    

convergence? Hint: consider ( )'f x . 
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3. (15%) Suppose is symmetric positive definite. Show that  11 12
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4. (20%) Suppose ( , )f x t  is continuous for all ( ),x t  with x E∈ and  where  is an open 

subset of . Let 

,t c≥ E
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f x t dt

∞

∫  converges to ( )F x  uniformly for all x  in E . Show  is 

continuous on .  
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5. Let  be a compact metric space and let X f  be a map of  onto itself. Suppose that there exist X

0 1α< <   such that ( ) ( )( ) ( ), ,d f x f y x yα≤ ⋅d . Prove that   

(a) (8%)  is a complete metric space.  ( ,dX )

(b) (9%) f  has a unique fixed point x , that is, ( )f x x= .  

6. Let { }, 1, 2...nx n = be a bounded sequence in . Let  be a function defined by  nR : ng →R R
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(a) (9%) Show that  is continuous. g

(b) (9%) if , , nu v∈R 0 1λ≤ ≤ , show that ( )( ) ( ) ( ) ( )1 1g u v g u g vλ λ λ λ+ − ≤ + − . 


