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 1. Let  be the set of all  real matrices.  
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 Let  be the linear transformation defined by  for all 
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, where tA  is the transpose of   .A

(a) Show that  are the only eigenvalues of  (5%) 1± .A
(b) Find all eigenspaces of  (10%) .A
(c) Is T  diagonalizable ? Explain the reason. (5%) 
(d) Is T  invertible ? Find  if your answer is positive. (5%) 1−T

 
 
 

2. Let  be a finite-dimensional vector space over a field  and  a  V F VVT →:

 
 

   linear transformation. Let  denote the range space of )(TR T  and  the null  )(TN
space of  Prove that the dimension of  plus the dimension of  equals  .T )(TN )(TR

 the dimension of  That is, dim + dim = dim  (15%) .V )(TN )(TR .V
 

 
 
 

3. Let A  and B  be  real matrices. Show that if nn × A  is invertible, then there exists infinitely 
many real number α  such that BA α+  is also invertible. (12%) 

    
 
 
 
 
 
 
 

 

 

 

 

4. Let  be a linear transformation on a vector space over a field   VVT →: V .F
Suppose that the dimension of  is n  and V T  has  distinct eigenvalues in  n .F
(a) Prove that the minimal polynomial of T  is also the characteristic polynomial of  (12%)  .T
(b) Show that there exists a  such that Vv ∈v )(),...,(),(, 12 vTvTvTv n vvvv −  are linear independent  
   over  (15%) .F
 

5. Let  be a -dimensional vector space over a field   V n .F

(a) Show that  is isomorphic to the -tuples space . (6%) V n },...,,|),...,,{( 2121 FaaaaaaF nn
n ∈=

(b) Show that if  is a finite field with  elements, then the number of different bases of  
over  is  (15%) 
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