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1. Let M,,(R) bethesetofall 3x3 real matrices.

Let T:M,,(R) > M,,(R) be the linear transformation defined by T(A)= A" for all

AeM,,(R),where A' isthe transpose of A.

(a) Show that +1 are the only eigenvalues of A. (5%)

(b) Find all eigenspaces of A. (10%)

(c) Is T diagonalizable ? Explain the reason. (5%)

(d)Is T invertible ? Find T* if your answer is positive. (5%)

2. Let V be a finite-dimensional vector space overafield F and T:V -V a
linear transformation. Let R(T) denote the range space of T and N(T) the null
space of T. Prove that the dimension of N(T) plus the dimension of R(T) equals
the dimension of V. Thatis, dimN(T) + dimR(T)=dimV. (15%)

3. Let A and B be nxn real matrices. Show that if A is invertible, then there exists infinitely
many real number « suchthat A+aB is also invertible. (12%)

4. Let T:V —V be alinear transformation on a vector space V over afield F.
Suppose that the dimension of V is n and T has n distinct eigenvalues in F.
(a) Prove that the minimal polynomial of T is also the characteristic polynomial of T. (12%)
(b) Show that there existsa v eV such that v,T(V),T?(V),..., T"*(V) are linear independent
over F. (15%)

5. Let V bea n-dimensional vector space over a field F.

(a) Show that V is isomorphic to the n-tuplesspace F"={(a,a,,...,a,)|a,,8a,,.,a, € F}. (6%)

(b) Show that if F is afinite field with q elements, then the number of different bases of V
over F is (9"-1)(q"-a)@"-q)--(q"~q""). (15%)




