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Answer all the questions.

1. (20%) Let A be the subset of [0,1] which consists of all numbers which do not have
the digits 4 appearing in their decimal expansion. Find the Lebesgue measure of A.

2. (20%) Let f be a measurable finite-valued function on [0,1], and suppose that
[f(x)—f(y)| isintegrable on [0,1]x[0,1]. Show that f(x) is integrable on [0,1].
Is it true if [0,1] is replaced by R?

3. (20%) Consider the function defined over R by

_% .
£(x) = X , |f0<x-<1.
0 , otherwise

of the rationals Q, let F(x) = iZ*”f(x -r).

n=1

For a fixed enumeration { r }::1

Prove that F is measurable and integrable. Hence the series defining F converges
for almost every x in R,

4. (20%) Establish the following relations between L*(R) and L'(R):
(a) Neither the inclusion L*(R) < L'(R) nor L'(R)c L*(R) is valid.

(b) If feL*(R) issupported on a measurable set E of finite measure, then f is

integrable.
(c) If a bounded function f is integrable, then it is square integrable.

5. (20%) Let f be integrable on R. For real 8, define f,(x)=f(5x). Show that

f,—>f inthe L'—norm as 8 —>1".




