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 (20%) Given a periodic function 
L

( )
0,    0

,    0
L x

f x
L x

− < <⎧
= ⎨ < <⎩

 with ( ) (2 )f x L f x+ =  for all x. 

(a)  Please find the Fourier series for this periodic function.  

(b) From the Fourier series of (a), please deduce the value of the sum of the series 

1 1 11
3 5 7

− + − +  

 

 
 

 

2. (15%) Consider the nonhomogeneous differential equation ( ) . The 

general solution of this differential equation is given as 

y ay by cy g t′′′ ′′ ′+ + + =

2
1 2 3 4 2t( )y t c c t c e sin t= + + + . Use this 

information to determine the constants a, b, c, and the function g(t).  

 
 

3. (15%) Use Laplace transforms to solve the following systems of differential equations. 

( ) ( ) ( )

1 2 3

1 3

2 3

1 2 3

4 2 0
2 1

2 4 16
0 2    0 0     0 0

y y y
y y

y y t
y y y

′ ′ ′+ − =
′ ′− + =
′ ′− = −

= = =

 

 4. (10%) The determinant is known as 

1 1 1 1
1 2 3 4

1
1 3 6 10
1 4 10 20

det

⎡ ⎤
⎢ ⎥
⎢ ⎥ =
⎢ ⎥
⎢ ⎥
⎣ ⎦

, find the 

1 1 1 1
1 2 3 4
1 3 6 10
1 4 10 19

det

⎡ ⎤
⎢ ⎥
⎢ ⎥ =
⎢ ⎥
⎢ ⎥
⎣ ⎦

? 

 
 

 

 
 
 
 
 
 

5. (10%) Find the least squares approximation of the system Ax b=  where ⎥
⎥  and 

1 1
4 4
2 2

A
⎡ ⎤
⎢= ⎢
⎢ ⎥−⎣ ⎦

1
1
2

b
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

 (note: to find the least squares solution x̂  and p , where ˆAx p= , and p is the least 

square approximation tob . ) 
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 (10%) Find the eigenvalues and eigenvectors of A and A2 and A+4I (I is the identity matrix):. 

2 4
1 2

−⎡ ⎤
= ⎢ ⎥−⎣ ⎦

A  

 7. (10%) Find the pdf, ( )f zZ , for Z = X2 with the given ( )
2 22x /e2

xf x α

α
=X

− , x > 0, α > 0. 

 

 

8. (10%) If X is a Gaussian random variable with mean μ and variance σ2, show that Y = aX+b, 

where a and b are real constants, is also a Gaussian random variable. Find E(Y) and Var(Y). 

 

 


