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1. Let 33: RRT →  be the projection of the space 3R  on the plane 032 =++ zyx . Find the 
eigenvalues of T and find a basis of the corresponding eigenspaces. (12%) 

 
2. Find all possible Jordan forms and their corresponding minimal polynomials for a 66×  matrix 

over complex numbers with characteristic polynomial 213 )3()2()1( −−− xxx . (12%) 

3. Let 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−

−
=

110
121

011
A . Find an orthogonal matrix P  and a diagonal matrix D such that 

DAPPT = , where TP  is the transpose of P . (20%) 
 
4. Let A  and B  be two complex nn×  matrices. Show that AB  and BA  have at least one  

eigenvalue in common. That is, there is a complex number λ  such that λ  is not only an  
eigenvalue of AB  but also an eigenvalue of BA . (12%) 
 

5. (a) Let A  be a real nn×  matrix. Show that if 0=kA  for some integer 0≥k , then       
0=nA  (7%) 

(b) Let A  be a real nn×  matrix. Show that if A  is invertible, then 1−A  can be 
   written as a linear combination of 12 ,...,,, −n

n AAAI , where nI  denotes the identity  
matrix. (8%) 

 
6. Let V  be a finite-dimensional real vector space and VVT →:  a linear transformation.  

Let )(TR  denote the range space of T  and )(TN  the null space of .T  Prove that the  
dimension of )(TN  plus the dimension of )(TR  equals the dimension of .V   
That is, dim )(TN + dim )(TR = dim .V (15%) 

 
7. Let V  be a finite-dimensional real vector space with an inner product 〉〈,  and let W  be a 

subspace of V . Define },0,|{ WwwvVvW ∈∀=〉〈∈=⊥ vvvv , the orthogonal complement of W . 
(a) Show that ⊥W  is a subspace of V . (2%) 
(b) Show that ⊥+= WWV . (7%) 
(c) Show that WW =⊥⊥ )( . (5%) 

 


