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1. Let T:R®— R® be the projection of the space R*® on the plane x+2y+3z =0. Find the

eigenvalues of T and find a basis of the corresponding eigenspaces. (12%)

Find all possible Jordan forms and their corresponding minimal polynomials fora 6x6 matrix
over complex numbers with characteristic polynomial (x —1)°(x—2)"(x—3)*. (12%)

1 -1 0
Let A=|-1 2 —1|.Findan orthogonal matrix P and a diagonal matrix D such that
0 -1 1

PTAP =D, where PT isthe transpose of P. (20%)

Let A and B betwo complex nxn matrices. Show that AB and BA have at least one
eigenvalue in common. That is, there is a complex number A suchthat A isnotonly an
eigenvalue of AB but also an eigenvalue of BA. (12%)

(@) Let A beareal nxn matrix. Show that if A* =0 for some integer k >0, then
A" =0 (7%)

(b) Let A beareal nxn matrix. Show that if A isinvertible, then A™ can be
written as a linear combination of 1, A, A%..., A", where I, denotes the identity
matrix. (8%)

Let V be a finite-dimensional real vector space and T :V —V a linear transformation.
Let R(T) denote the range space of T and N(T) the null space of T. Prove that the
dimension of N(T) plus the dimension of R(T) equals the dimension of V.

That is, dimN(T) + dimR(T) = dimV. (15%)

Let V be a finite-dimensional real vector space with an inner product (,) andlet W bea
subspace of V . Define W' ={vV eV |(V,W) =0, VW e W}, the orthogonal complement of W .
(a) Show that W+ is a subspace of V . (2%)

(b) Show that V =W +W ™. (7%)

(c) Show that (W) =W . (5%)




