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1. Let . Show that  is a basis of V. (14%) x 2x 3x 4xV {ae be ce de | a, b,c,d }= + + + ∈ x 2x 3x 4x{e ,e ,e ,e }
 
2. Let  be given by  3T : → 3

⎥
⎥

2

T(x, y, z) (x y 3z,5x 6y 4z,7x 4y 2z)= − + + − + + . 
Find  and di . (14%) 3dim T( ) m ker(T)

 

3. Let . Find all eigenvalues and eigenvectors of A. Explain why A is diagonalizable 

and find a matrix that diagonalizes A. (18%) 

1 1 1 1
1 1 1 1

A
1 1 1 1
1 1 1 1

⎡ ⎤
⎢ ⎥
⎢=
⎢
⎢ ⎥
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4. Let  be a real valued function on f (u, v) 2 ×  such that 

(a) for fixed u, it is a linear function on v, and, for fixed v, it is a linear function on u; 
(b) .  f (v,u) f (u, v)= −
Show that  and then deduce that  is a multiple of the determinant of the f (u,u) 0= f (u, v) 2 2×  
matrix  with column vectors u, v. (18%) [u v]

 
5. (a) Find a  orthogonal matrix U that maps the x-y plane 3 3× z 0=  to the plane .  P : x y z 0+ + =

(b) Use U as the matrix of change of coordinates to deduce the formula for the rotation around the axis 
 with rotation angle  (counterclockwise). (18%) L {(t, t, t) | t }= ∈

I

90°
 
6. Suppose  is a 3 real matrix such that A I≠ 3× 3 2A A A= − + .  

(a) Find all possible eigenvalues of A.  
(b) Determine the minimal and characteristic polynomial of A.  
(c) Is A diagonalizable? Explain your answer. (18%) 

 


